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1lized power series expansions for a class of orthogonal polynomials

. *
y variables )

loornwinder & I.G. Sprinkhuizen-Kuyper.

\CT

'his paper continues the analysis of a class of orthogonal polynomials
> variables on a region bounded by two straight lines and a parabola
‘ng these lines, which was introduced by the first author. An explicit
; expansion for these polynomials is obtained, which generalizes
intine's expansion of hypergeometric functions of (2x2) matrix argument
ms of James' zonal polynomials. In two special cases the orthogonal
)mials turn out to be Appell's hypergeometric Fé—functions and certain

reometric functions in two variables of order three, respectively.

JRDS & PHRASES: orthogonal polynomials in two variables; series
expansions in terms of James type z2onal polynomials;
hypergeometric functions of matrix argument; Appell’s

hypergeometric function F,; hypergeometric functions

4.’
in two vartables of order three.

ls paper is not for review; it is meant for publication elsewhere.
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1. INTRODUCTION

This paper continues the analysis of a class of orthogonal polynomials
in two variables over a region bounded by two straight lines and a parabola
touching these lines. The basic results on this class of polynomials are
given in a paper by the first author [21], where the polynomials are intro-
duced, and in another paper by the second author [28]. See also the survey
papers [23] and [25] by the first author.

These orthogonal polynomials in two variables, which in this paper
will be denoted by Ra E’Y(E,n), can be considered as highly nontrivial

(as 8)(x)

generalizations of the Jacobi polynomials P The main purpose of
this paper is the derivation of an exp11c1t series expansion for Ra E’Y(E,n)
which generalizes the hypergeometric power series expansion for Jacob1

polynomials. Such an expansion should have the form

a,B8,Y - a,B,Y asB,Y
(1.1) Rn,k (€,n) Zz Cn ksm, 2 m 2 (&,n),

3

a,B,Y
n,k;m,
more elementary special functions with well-known explicit expressions. It

where the coefficients c o> E’Y(E

2 and the functions f ,n) have to be
turns out that if either k = 0 or k = n the functions fm,l can be chosen
as monomials and the coefficients then become quotients of products of
gamma functions. For k = n the polynomial can be identified with a termi-
nating Appell's hypergeometric Fa-function in two variables, and for k = 0
we obtain a certain hypergeometric function in two variables of order three.
However, if k # 0 or n then a certain choice of monomials for fm,ﬂ
leads to rather awkward expressions for the coefficients in (1.1). In this
general case the best choice for fm,ﬂ seems to be the so-called James-type
zonal polynomial Z;,K(E,n), which can be expressed in terms of Gegenbauer
polynomials. Then the coefficients in (1.1) can be expressed in terms of a
hypergeometric 4F3—function of unit argument. In doing this choice we were

motivated by the fact that Ra B 0

(E,n) can be identified with a hyper-
geometric function of (2x2) matrlx argument. CONSTANTINE [10] proved that
hypergeometric functions of matrix argument have a nice explicit expansion
in terms of the zonal polynomials introduced by JAMES [18]. In the (2x2)

case these zonal polynomials can be identified with our polynomials




2(Esn).

We already pointed out that the polynomials Rg:i’Y(g,n) become more
ple on the boundary lines n = 0 and n = k of the region {(n,k) € 22 [
k 2 0} for which Rzzi’Y(E,n) is defined. Similarly, the analysis of
polynomials on the boundary of the orthogonality region in the (£,n)

ne is easier than in the interior of this region. In particular,
ﬁ’Y(E,O) and Rg:g’Y(g,%Ez) turn out to be Jacobi polynomials of argumen:
£ and 1-£, respectively. Our proofs exploit these degeneracies in the
k) and (£,n) planes. The two pairs of differential recurrence relations
ived in [21] and [28] will also be used as essential tools.

The results in this paper are not only an interesting part of the
lysis of the polynomials Ri:i’Y(g,n), but they may be important for a
er class of readers. First, there is a close relationship with the theo-
>f Jacobi polynomials. Many results for Jacobi polynomials will be used
his paper, and, on the other hand, some known results for Jacobi poly-
tals can be better understood from our two-variable point of view.
nd, we bring some unity in the bewildering variety of special functions
1ore than one variable by identifying hypergeometric functions in two
.ables (in particular F4) and hypergeometric functions of (2x2) matrix
ment with special cases of our polynomials.

In sections 2 and 3 of this paper we summarize the results on Jacobi
rmomials and on the polynomials Ri:E’Y(E,n) which will be needed. In
:ion 4 the James type zonal polynomials are introduced. The boundary
les of the polynomials K ’5’Y(€,n) are considered in section 5. Section
mtains the expansion of the polynomials R ’B’Y(E n) in terms of James
: zonal polynomials. In section 7 we con31der expansions of the form

) with another natural choice for the functions f ’B’Y(E,n) This leads

m, £

he identification of R ’B’Y(g,n) with Appell's 54-funct10n Finally,
ection 8 we derive expan81ons of R ’5’Y(£,n), = 0 or n, as double
3

bi series with positive coefficients. Sections 7 and 8 can be read
pendently of each other and of sections 4 and 6. However, section 5 is
ed for all the subsequent sections.

In a forthcoming paper we will extend the correspondence between
’Y(g,n) and Appell's function F4 to the non-polynomial case. An expan-

in terms of James type zonal polynomials will be given for those




solutions of the system of partial differential equations for F4 which are
regular in the singular point (1,0). For special values of the parameters
these second solutions are precisely the hypergeometric functions of (2x2)

natrix argument.

2. PROPERTIES OF JACOBI POLYNOMIALS

In this section we collect all results on Jacobi polynomials which will
>e needed in this paper. The standard formulas for Jacobi polynomials have
een taken from SZEGO [29, Chap. 4] and ERDELYI [13, Chap. 10]. A useful
survey of many recent results on Jacobi polynomials is given by ASKEY [2].

Let a,B> = 1. Jacobi polynomials P(a e)(x) are orthogonal polynomlals
>n the interval (-1,1) with respect to the weight function (I- x) (l+x) and

(a,

vith the normalization P B)(l):= (a+l)n/n1 We will use the renormalized

Jacobi polynomials R

(o, 8) (a,B) (a,B)
(x):= P (X)/Pn (1.

Jifferentiation formulas:

2.1) (1-x2)- (°° B (x) + (p- a—(oc+8+2)x) n(o"B)(x) ‘
dx
+ n(n+a+B+I)Rr(la’B)(X) =0,
n(n+a+p+1) _(a+1,B+1) . S
T 2(ar1) - Rn-l =) ifn>0,
. (a B)
2.2) (x) =
dx *n 0 if n=0,
2.3) (1-0 " (140 8L [ -0 ) ¥t g (er B D) <x>] -
= -2(a +1)R(°‘ 8) (x).
jeries expansions:
2.4) Réa’s)(x) = 2F (-n,n+a+R+1ja+134(1-x)) =

n (—n)k(n+a+6+l)k /l—x k
K=0 (oc+l)k k! \ 2 > ?




. (0,8) ,_\ _ [14x\P x-1\ _
) Rn (x) = \'—2—) 2Fl( n,-n-Bja+l; x+l) =
n (-n), (-n-B)
= z_n k 'k (x+l)n_k(x-l)k
k=0 (oc+l)k k!
) 1=\ P j(oc+l)n n (2k+a+3+1)(—n)k(a+3+2)k
<—2—) - (o+B+2) 2o (k+a+B+l)(n+a+B+2)k k! ).
e for x = -1
(B+1)
R e = et gt
n
ar and quadratic transformations:
(a,B) ,_
) _Ri____i_}_(l = R(B’a)(X),
R(a,B)(_]) n
n
(a 29 (x) = Ria"5)(2x2—1),
) RV = x r D ey
bauer and Chebyshev polynomials:.
(v+3) _ [n/2] (-n)
) R(Y,Y)(x) - n 2k__ (50y0" 2k
n (2y+1) k=g (TmmY+R) k!
) Rn-%’ %)(cos 8) = cos nd,
(4,9 _ sin(n+1)6
) Rn (cos 6) = (n+1)sing °

lLlows from these last two formulas that




(2.14)

(2.15)

formul:

(2.16)

vhich 1

(2.17)

Juadrai

(2.18)

’hen

2.19)

thristc

2.20)

CHD ey = e ™,

1 _ n+]_ -n—-1
Doy = 2
(1) (et )

2) is a special case of

(y+1), (y+3)
(vsv) _ __n v k n-
N (cos 68) = (2Y+1)n Lo AR C= cos(n-2k)6,
a results in
(Y’Y)(%(t+t—])) = n: 2 (Y+%)k(Y+%)n—k tn—2k
n (2y+l)n k=0 k! (n-k)! :

rm: Let
1
f (1-x) * (14x) Bax
(Q,B),= -1
* . : (a,B) 2 a 8
J (Rn PTA(x))T (1=x) T(1+x)Tdx
-1
(a,8) (2n+oc+8+1)(0t+l)n(bc+8+2)n
1 B (n+a+8+1)(8+])n n!

Jarboux formula:

1
bow
=0

2(a+1) (a+2) (o+B+2)
éu’B)Réa’B)(x)Réa,B)(y) _ n n

- (2n+a+6+2) (B+¥1)_ ! )

N N R N QL

X=y




it formulas:

(Q’B)
21) lim ®n e
e g5y N2

i i , 1+x\"
2 HERP e - (1Y
23) %iﬂ RéY’Y)(X) = x".

te three results follow from (2.4), (2.7), (2.8) and (2.11).

‘her pair of differential recurrence relations:

4) (]"X) l-a _dil}; [(]_X)QRIEG’B)(X)] = - q Rr(la_],8+l)(x)

9

5) (14x) 78 é% [(I+X)B+IR§Q_I’B+])(x)} _ a-l(n+a)(n+B+I)R§a’B)(X)-

It follows from SLATER [27, (2.5.31)] that

. (a,B) (B,a) _ -n, 4} (a+B+1),4 (0+B+2) ,n+a+B+1; 2
O RTTG RTTIG) = Fy ( atl, 81, 0kB+1; I-x ) :
articular:

2
7) (Rsa’a)(x)> = 3Fz(—n,a+§,n+2a+l;a+l,2a+l;1—x2).

Appell's hypergeometric function F4 is defined by
© ) (a)

3) F,(a,bjc,c’sx,y):= )
m=0 m=0

m+n(b)m+n
(c)m(c')n m! n!

1 1
xmyn, |x|2+|y|2< 1.




result

.29)

ZOREM

.30)

.32)

2 prodi
JELYI |

.33)

.34)

tson (cf. SLATER [27,(8.4.4)] gives

»B) (B,a) _
(x) R (y) =

4(—n,n+a+5+1;a+1,3+l;},(]-x)(1+y),£(l+x)(l—y)).

cf. BATEMAN [4, pp.392,393] and KOORNWINDER [22, §2]).

»B) (a,B) _ n x+y (a,B) [ 14x
@ 1200 = L o) xP(5)

C D@D ) (arargrl),
i (rT)_(B+T), k!

rmula and addition formula for Gegenbauer polynomials

.15(19) and 3.15(20)]):

,Y)(X) RsY’Y)(y) _ _I(y+D)
mA T (y+4)
I
RO Gy (1-xH) 2(1=y%) 1) (1-69) 2 e, v > -,
-1

Y Gy (1) EayH By - ) (_l)k('n)k(n+2Y+l)k .
k=0

22X (y41), (v,

1
w2y H g IOV (o (2 g (v ()

Y—% ’Y_%)Rliy_%ay_i) (t).




 product formula for Jacobi polynomials (cf. KO

35) Rr(la,S)(x) Rr(la,B)(y) - 2T (a+1) .

12T (a=8)T(8+})

1 m
[ R G Gayyeb e oy
0°-‘0

2)a—8—1r28+l

«(l-r (sin ¢>)2B dr d¢, o > B

OREM 2.2. (cf. SZEGO [29, Theorem 7.32.17)

If « 28 and o = - } then

[ Rr(la’B)(x) | <1 for-1=<xc<1,.
Ifa < Band B 2- 4 then

l Ria’s)(x) | < | Réa’s)(-l) |  for -1

The coefficients in

n .
;6) Rr(ld.’B)(x) = k-z-l:o gﬁzs’a,b nga,b)(X)

called connection coefficients. We have

)

n;k (°+1)n(a+3+2)n(n-k)! (nt+a+p

SZEGO [29, (9.41)]. Hence

8) a,B3a,B

gn;k >0 1f o > a,

he general case the connection coefficients are




1
2.39) o,g3a,b _  (mrerBtD), (a+D), o
Ensk (k¥a+b+1), (a+1), (n=K) k!

. -n+k,ntk+a+B+1 ,k+a+l1; 1
372 2k+a+b+2,k+a+1; ’

f. FELDHEIM [14] or ASKEY & GASPER [3,(2.5),(2.6)].

a,Bs3a,b
n;k
B and n - k Zs odd.

iIEOREM 2.3. If a<b, o +B 2a+b, B-a<b-a then g 20 anc

12 tnequality 18 strict except Zf a = b, a

1is theorem is essentially a part of Theorem | in Askey & Gasper [3]. Tt
ist statement in Theorem 2.3 is a slight refinement of their result. It
>llows immediately from the recurrence relation (2.2) in [3].

The coefficients in

m+n
(a,8)  (a,B) ,(a,B)
) (asB) (O')B) — A > w ’ ’
1.40) Rm (%) Rn (x) = k=]£—n, m,n,k k Rk (x)

re called linearization coefficients. We have A(a,a) =0 if m + n + k is

m,n,k
ld and

aes) - 2D mrnriey

L41) m,n,k (“+3/2)5(m+n+k)

(a+%)%(m+n-k)(a+%)%(n4k—m)(u+%)%(k+m—n) m. n! k!
(%(m+n*k))!(%(n+k—m))!(%(k+m—n))!(2a+1)m(2a+l)n(2a+l)k

m+ n + k is even. Formula (2.41) was first stated by DOUGALL [11]
thout proof. See ASKEY [2, lecture 5] for a survey of several proofs of

.41) which were published afterwards.

EOREM 2.4. (cf. GASPER [15]).
"a 2B and o + B = - 1 then Aé?;?i > 0.




[16] GASPER extended this nonnegativity result for the linearization
fficients to a slightly larger region of the (a,B) plane.

MA 2.5. Let the polynomials pn(x), n=20,1,2,..., be orthogonal on the
erval (a,b) with respect to the strictly positive weight function w(x).
1 any polynomial of the form
n
f(x):= z cmpm(x), with c, # 0,

m=k
at least k zeros of odd multiplicity on (a,b).
JF. Suppose that f(x) has only % zeros XisenesXy of odd multiplicity on
>) with & < k. Then f(x)(x-x])...(x—xz) is either nonnegative or non-

itive on (a,b) and not identically zero. But

b
J f(x)(x—xl)...(x-xg) w (x) d x =0.
a

s is a contradiction. g

Finally we mention Saalschutz's formula (cf. SLATER [27, §2.3.1]):

(c-a)n (c-b)n
(C)n(c-a-b)n

42) (a,b,-n; c,l+a+b-c-n;1) = ,n=0,1,2,...

3F)

OME EARLIER RESULTS FOR THE ORTHOGONAL POLYNOMIALS Rz’i’Y(g,n)
3

The purpose of this section is to summarize some of the results on the
‘nomials piZi’Y(u,v) obtained in KOORNWINDER [21] and SPRINKHUIZEN [28].
11l change the notation used in these two papers by introducing new
dinates £:= 1 = } u, n:= }(l-u+v) and by renormalizing the polynomials
. that they are equal to 1 in the vertex (£,n) = (0,0). A motivation of
. new notation will be given in section 4.

Let @ be the region
2
) Q:= {(&,n) | n>0, 1 -E+n>0, & -4n>0,0c<¢c<2},

h is bounded by two straight lines and a parabola touching these lines

Figure 1),
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nt

(2,1)

£E—>

(1,0)

Figure 1

Let

(3.2) Yo, B Y(E,ﬂ)== na(l-£+n)8(€2-4n)Y, (E,n) € Q.

JEFINITION 3.1. Let 0,B,y > =1, a + vy + 3

2
integers, n 2k = 0. Then R*> i’y(g,n) is a linear combination of monomials
2 3 ’ -k k
1’ g: mi ,iﬂ,ﬂ,é,in, '-’gsg ﬂ,...,in n such that

>0, B+ vy + %-> 0. Let n, k be

. Bsy m-2 2 dn = 0
(i) JJQ Rn o (Esn) € L P (£,n) dg¢ dn
if m 22 20 and if either m < mor m = n, 2 < k;

.. 0,B,Y _
(ii) Rk (0,0) =

H

If P i’Y (u,v) is defined as in [21] then

y Pl e (2-2¢, 1-26+4n)
[3.3) n k (€,n) = a’B’Y ’

there the value of p ’Y(2 1) is given in [28, (7.3)].

For vy = * } the polynomlals R ’E’Y(g,n) can be expressed in terms of
’
Jacobi polynomials by
3.4) R ’S’ 2(x+y xy) =14 {Réu’s)(l—Zx) Réa’e)(l—Zy) + Réa’s)(l—Zx)'

. nasB)
R (1-2y) 1},




=(a+1)
(n=k+1) (n+k+a+B8+2) (x-y)

,5) Rg:g’%(X+y,xy) =

P 020 K& ozy) - 1B (o2 1D 12y

comparing (2.20) with (3.5) it follows that

6 &5 (o), 1m0 (-y)) =
= (B+l)n n: Izl (a,8) ((!,B)( ) (a,B)( )
CTP I CTr) SN S xRy yJ-
Let 3 Bk

X X, oo denote the partial derivative — 9
1% % P 9% | 9%, - 0%,
sider the second order differential operators

7) D':= £{35€+gagn+nann+(y+-%)an},

B) %8572 IG(Wa,s,y(g’”))_l DY o Varl, g1,y (B0
) ol 5{(1-5)agg—zna%n-nann-(a+s+2)ag-(a+1)an},
0 EPP iy o (gm) T ETTR Wy gy ()

operators Df’B’Y and Ef’B’Y can be written more explicitly as

D 08P = 16 n(1-gen)d! +

+

4{(a+1)£(1-£) + (a+B+2)En-2(B+1)n} 35 +

+ 4 n{-(20+B+3)E +2(a+B+2)n + 2(a+1)} an +

4(a+1) (arBry+ ) £ + 4 (tB2) (akBry+ D) n + 4 (a+1) (arys
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(3.12) £%BY = 4(e-4n) {Ef’B-(Y+1)(2a€+an)} +

+

4(Y+1)(€-2n)(23£+53n) +

4(a+B+2y+3) (y+1)E + 8 (y+1)(a+y+%9.

It was proved in [21,§5] and [28,§4] that these differential operators act
asB,y .
on Rn,k (£,n) as follows:

]
o
°

DY R%’0Y(E,m)

(3.13) ¢ DY RY?PV(e,n)

_ k(k+o+B+1) (n+y+4) (n+a+B+y+3/2) Ra+1,3+1

sY .
4(a+1) (a+y+3/2) — R k-1 &™) if k>0,

asBsy patl,B+l,y - 2_ a,B,Y
(3.14) D+ g Rn-k,k—l (&,n) = 4(o+1) (aty+ 2) Rn,k (&,m), k > 0,

-

EE’B Ra’B’Y(E

0,
n,n

»N)

asB L0,B,Y
(3.15) (¢ E Rk (€,n)

_ (n-k) (n—k+2y+1) (n+k+a+8+1) (n+k+a+8+2y+2) Ra,B,y+]
8(y+1) (a+y+3/2) n—-1,k

(E,n) if n > k,

Byy+1 JB,y+]
3.6 EPPY R e = 8Gan (ar+ 2) &VE T (6,n), 0 s k.
3 H

for the calculation of the coefficients in these four differentiation for-
wulas we used the explicit value of pg’i’Y (2,1), cf. [28,(7.3)]. Note that
H

hese coefficients are nonzero if o,B,y satisfy the inequalities of




nition 3.1.

REM 3.2. (cf. [28, Theorem 8.11])

he power series

a,B,Y
RV, = ) ¢ m-% 2
n,k m, % m,% g n
zoefficient Cg is nonzero only if m < n and m n + k (¢f. Figure
5
o
(n,k)
m—
Figure 2
theorem also follows from the results of sectio f. Remark 4.4.

Analogous to (2.7) and (2.8) we have

-1 (8+1) | (B+y+3/2)_

: o585y =
A NS SR CHE G an a3/
k n
RSV
) = R V(g 1-e4m),
Ra’B’Y(Z 1) n,
n,k ?
that the mapping (£,n) - (2-£,1-£+n) is a nonort 1l reflection
maps Q onto itself, (0,0) to (2,1) and which 1le che points of the
& = 1 invariant.
Finally we mention the quadratic transformation las
0,0,y = Ys—4,a - 2_
) Rn+k’n_k (&,n) Rn,k (28-4n,£%-4n),
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3,200 RGNY (6 = (-8) RV (ae-an,e%-am) .

n+k+1,n-k

he quadratic transformation (£,n) - (25—4n,£2-4n) maps both connected com-

onents of {(&,n) € Q | £ * 1} onto Q. In féct, (0,0) and (2,1) are both

apped to (0,0), (1,0) is mapped to (2,1), and (1,}) is mapped to (1,0).
Note that formulas (3.19), (3.20) and (3.4) together imply that

3.21) 5’ Y (1oxy, § x-y) 2) = 4 {R(Y’Y)(X) R(Y’Y)(y) +
+ R(Y’Y)(X) R(Y’Y)(y)}

3220 PV Om e = e TR 0 1 o)

+ R(Y,Y)(x) R(Iﬁiz(y>}-

. JAMES TYPE ZONAL POLYNOMIALS

As was pointed out in section 1, the main problem to be solved in this

aper is the derivation of an explicit expression of RZ’&’Y
b

f certain polynomials ZY (&,n) called James type zonal polynomials. In

(¢,n) in terms

his section we 1ntroduce these polynomials ZY (g,n), we give some moti-
ation for the choice of these polynomials and we derive some simple
roperties of the expansion coefficients. To a large extent, the contents

f this section coincide with KOORNWINDER [25, §4.4].

EFINITION 4.1, Let y > - 1, Let n, k be integers such that n 2k 2 0. Then

he James type zonal polynomial Zl k(g,n) is defined by
]

v (2y+1)
4.1) Zn’k(g’n):= ( T )

n-k 5(n+k) (Y’Y)(in i




follows from (2.11) that

[4(n-k)] (--n+k)2i

_k-
2) z¥ . (g,n) = — £
n,k "’ iZo (-n+k-y+3); il
2 that
3) Zl k(g,n) = gn—knk + polynomial of degre
t]
lim ,Y - 0k k
F) .Y_)_oo Zn,k(gsn) g n .
1 (2.14) and (2.15) we get the special cases
. -4 _ -1, nk kan
D Zn’k(X+y,xy) (1+6n’k) xy+xy),

) Zi,k (x+y,xy) = (x—y)—](xn+lyk—xkyn+l).

1 (2.17) we derive

(n_k)t: n-k (Y+i)i (Y"'i)n_
oD Lo TIT kD

Y =
) Zn’k(X+y’xy)

also the boundary values

n
Y _ e if k = 0,
) 2o, k89 =10 ifk>o,
(2y+1) _

n+k

Y 2, _ n
) Zn’k(isii ) -?;;Iy;:;'(QE) .

In view of (4.3) any polynomial
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n n

P(g,n):= ) ) ¢ . gt b
2=0 m=2

1as a unique expansion

Pe) = ) ) o A

2=0 m=2% m,

lor each y > -1. This can be considered as a generalized power series ex-

>ansion.
L
lote that cm’0 cm 0 by (4.8). .
In particular, let us define the coefficients c>’"’Y by

n,k;m, %

JEFINITION 4.2,

n a, B
Y ocreoY (E,n).

. a’B,Y =
'4,10) R (&,m) L Chkim, 8 m 2
0 m=2

? L

Il o~—>3

le claim that the generalized power series expansion (4.10) is a suitable
inalogue of the ordinary power series expansion (2.4) for Jacobi polynomials.
'his also justifies the introduction of the new coordinates £,n in section 3.

lelow we give a number of arguments for considering the expansion (4.10).

a) It follows from (3.4), (3. 5) and (2 4) that R ’B’ %(x+y,xy) has a natural
expansion in terms of X y + xl y ,m 248, and, similarly, R ’8 %(x+y,xy)
in terms of (x-y) l(xm ]yz . m+]), 2 2. In both cases the expan51on
coefficients can be given explicitly. By (4.5) and (4.6) this leads to

the expansion (4.10) in the case y = + } and we obtain

4.11) ngiz;fa = {(-n)m(—k)l(n+a+8+l)m(k+a+8+l)l +

+ (—k)m(—n)z(k+a+8+1)m(n+a+8+1)2}{2(a+l)m(a+l)£ m! Q!}nl,
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(4.

(b)

(4.

(4.1

Now

(4.1

>3

3my L

- {('n'l)m+1(‘k)g(n+“+3+2)m+1(k+“+3+1)z +

= (), (nm1)  (krotB+1)_, (nra+g2) ),

-1

{(n—k+1)(n+k+a+6+2)(a+2)m(a+l)2(m+l)! i}

ted out in KOORNWINDER [25, §4.4] that

0 (xty,xy) = oF (—n,n+a+6+-:zi;a+ %; [g S,D,
,b;c;X) is the hypergeometric function of matrix argument X
ntroduced by HERZ [17]. CONSTANTINE [10] proved that there
power series expansions of such hypergeometric functions in
-called zonal polynomials which (in the (2x2) case) are sphe-
ions on GL(2,1IR) /0(2) belonging to finite dimensional irre-
resentations of GL(2,IR). These zonal polynomials were in-
JAMES [18]. Furthermore, JAMES [19,(7.9)] showed that in the
these zonal polynomials coincide up to a constant factor with
ials Zg 2(x+y,xy). By using formula (25) in CONSTANTINE [10]

3

that

1,bic; [: g]

@ (a) (a=}) (b) (b-}),(3/2) _,
() (e=1),(3/2) 21(@-2)! Zn, 0 (¥ xY) .

)l 2=0
4.14) together give

o _ (‘n)m(‘ﬂ‘i)Q(n+a+8+3/2)m(n+a+3+1)1(3/2)nr2'
m, £ (a+3/2)m(a+])2(3/2)m£!(m—l)!
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¢) It can be proved that there is an interpretation of the polynomials
Rif§—3)’%(d_q_3)’0(g,n) as so-called intertwining functions on the group
0(d), which are right invariant with respect to 0(2) x 0(d-2), left in-
variant with respect to 0(q) x 0(d-q), and which belong to some irreduc-
ible representation of 0(d). In particular, for q = 2 we obtain the
spherical functions on the Grassmann manifold 0(d) / 0(2) x 0(d-2). Ac-
cording to JAMES & CONSTANTINE [20] group theoretic considerations give
a motivation for expanding these intertwining functions in terms of zon-—

al polynomials. In particular, it follows from JAMES & CONSTANTINE [20,
(15.4)] that

-

(-n)m(n+a+8+2)m(£)m

0

b - : —

sm,9 (0+372) m. mI if £ =0,
m

4.16) c

0 if ¢ # 0,

for integer or halfinteger o and B.

d) It will be proved in section 7 that

0,8,y
lim Tn,k

B> asB,sY Y
R 'k (2,1) 'Zn,k(z’l)

3

(g,m) zY (g,m)
4.17) - bk

Note that the pair of formulas (4.10) and (4.17) is analogous with the
formulas (2.4) and (2.21) for Jacobi polynomials.

A final motivation for considering the expansion (4.10) is given by the

ollowing differentiation formula, which is easily verified.

Y 5Y
D_ Zn,o(g,ﬂ) 0’

(4.18)

k(n+y+4)z) (g,n) if k > 0.

Y LY
D_ Zn,k(g’n) n-1,k-1

n comparing this result with (3.13) we obtain the recurrence relation




19) asB,y  _ k(k+a+B+1) (n+y+}) (n+a+B+y+3/2)
n,k;m, % 2(a+1) (m+y+1) (a+y+3/2)

LOFLsBHLLy

n-1,k-13m-1,8-1 *> > 0> k> 0.

ce DI Rz’g’Y(g,n) = 0, it also follows that
9

n
0,B,Y = 0,B,Y Y
20) Ri’o" (Esm) mzo a0 im,0 Zm, 08
0,B,Y _ . .
cnzozm,z = 0 if 2 > 0. Formulas (4.19) and (4.20) together imply:
JREM 4.3,

czzizg’z # 0only 2f L < k (cf{ Figure 3).

)

1(n,k)

m >

Figure 3

\RK 4.4. Theorem 4.3 together with formula (4.2) provides a new proof of

)rem 3.2.
RRK 4.5. It follows from (4.10) and (4.8) that

n

) asB5Y - a,B,Y m
D Rn,k (€,0) mZO cn,k;m,O &

o585y
n,k;m, 2
| as we know the explicit power series expansion (4.21) of the boundary
asB,sY
e Rn,k
ficients ¢

e, in view of (4.19), the general coefficients ¢ are known as

(£,0) for all values of a,B,y,n,k. In particular, we know the
0B,y

n.n:m.q 25 soon as we know the explicit power series expansion
9 Lig tis
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f Rz’i’Y(g,O) for all values of a,B,y,n. This power series expansion will
H

/e obtained in section 5.

{EMARK 4.6. It follows from (4.20) and (4.9) that

n (2y+1)
. a,B,Y 1 2 = O‘ »BsY 1.y
4,22) Rn,O (£,1£7) mZO J0:m,0 -?;;13—- (z8)

lence, the general expansion (4.20) of Ra 8’Y(E,,n) is known as soon as we
’

:now the exp11C1t power series expansion (4.22) of the boundary value
n O’Y(g,bg ). This power series expansion will also be obtained in

jection 5.

'« SOME BOUNDARY VALUES

In this section it will be shown that the polynomials Rg’i’Y(g,n) be-
3
:ome Jacobi polynomials on the boundary lines n = 0O and 1 = £ + n = 0, and

‘hat R*? g
’

‘2 - 4n = 0. In the case of general degree (n,k) certain Jacobi expansions

Oy B’Y(E

’Y(g,n) can be expressed as a Jacobi polynomial on the parabola
f the boundary values of R s,N) will be considered, for which the
'ourrier-Jacobi coeff1c1ents can be expressed in terms of the corresponding

a+k,B+k B,y+n- k

‘ . . s 2Y /» 2 .
.oefficients for Rn—k,O (£,0) and Rk K g'), respectively.

The key for deriving these results is the following lemma.

EMMA 5.1.

a) On the line n = 0 the second order partial differential operator Di’B’Y

reduces to a first order ordinary differential operator involving only

derivatives Bg = d/dg, which is given by
a,B,Y _ —(a+y+£) _ ——B_(_i_o 0t+y+3/2 _ R+1
5.1) D, |n _ o = 4la+l) € (1-8) "gg ° & (1-g)" " .

b) On the parabola £2—4n = 0 the operator Ei’B’Y reduces to a first order

. differential operator involving only derivatives Bg +1¢ an = d/dg,

which is given by

BIBLIOTHEEK MATHEMATISCH CENTRUM

e ANAQTED M A RS




2) Ez’B:YI ) = 4(y+1) g-(a+Y+£)(2_5)‘(B+Y+%)ii_

€=4n =0 de

. ga+y+3/2.

.(2_€)B+y+3/2.

OF. The proof follows immediately by substitution of n = 0 in (3.11) and
= 4n = 0 in (3.12), respectively. O

Formulas (5.1), (5.2) and (2.3) imply that

3) Di;B’YIn -0 R§37Y+3/2’B+1)(]—2€)

= b)) (aryr D) ROEFHEE) (ppy
. a,B,y| (a+y+3/2,8+y+3/2) .. . _
*) Ey 52—4n = 0 Ra-i (1=¢) =

8(y+])(a+y+~%) Réa+y+£,6+y+%)(1_€).

we can prove the important

)REM 5.2,

: a,B,Y - platy+i,B)

) RV(E,0) = R (1-2¢),

) ROO Y (e, 46y = RFNTHEIYHD )y

asB,Y -
Rn,n (E,E D = R(B+Y+£sa)

a,B,Y n
Rn’n (2,1)

(2g-3).

F. Comparison of (3.14) with (5.3) and of (3.16) with (5.4) and complete
ction with respect to n results in (5.5) and (5.6). The boundary value

z’i’Y(g,n) for 1 = & + n =0 follows from (5.5) and (3.18). ]




lext we will consider Jacobi expansions for the
> boundary curves n = 0 and £2 - 4n = 0.

s define the coefficients a2 BsY and b%*BsY by
n,k;m n,k;m

-TION 5.3.
asB,y = asB,y o (a+y+4,B) -
R (E50) gl 2 1om Fa (1-2¢),

R BV (e 46y = [ p2ofor glotvth B ()

o n,k;m m

as (5.3) and (3.14), (5.4) and (3.16) yield the

le coefficients aa’B’Y (k>0) and ba’B’Y (n>k), r
;m n,k;m

n,k;
a,B,y = J- atl,B+1,y .
an,k;m an—l,k-l;m—l tfm>0,
0 ifm=0,
a,B,y _ a,B,Yy+1 .
bn,k;m < n-1,k;m1 ifm >0,
0 ifm=

(5.10), (5.11) and complete induction with resj

tively, results in

o585y : <
2 ko #0 only if k < m < n,

a,B,Y : - < <
bn,k;m #0 only if n -k <m<n+k,
aasssY = aa+k:6+kaY

n,k;m n-k,0;mk’
ba’B’Y = ba’B’Y+n—k

n,k;m k,kym-n+k’

mials

wing e

ively:

> k am




1s we obtain

M™MA 5.4. We have

n
0,8,y = at+k,B+k,y . (a+y+},B) -
.16) Rk (850) Zk 2 k.0smk Ro (1-2¢),

: n+k
17) Rf‘,’ﬁ’*(a,iaz> -3 p¥sBsy+n-k R(a+v+é,B+Y+£)(l_g)’

m=n=k k,ksm-n+k m

a,B,Y _
Rn,k (g’g 1) n

a,B,Y -
Rn X (2,1) m=k

b

a8+kaa+ksY R(B+Y+£:a)(2€_3).

18) n~k,0;m-k m

. last part of the lemma follows from (5.16) and (3.18).

Next we give some formulas for a® By and ba’B’Y in the c
n,k;m n,k;m
ues of the parameters.
From (3.4) and (2.40) it follows that bz’ﬁf;i can be expr:
b A ]

the linearization coefficients Ag’i’; of the Jacobi polynom:
353

baass—£ = A(Q’B) w(asg).

19) n,k;m n,k,m m

a = B then application of the quadratic transformation form

(2.9), (3.20) and (2.10), respectively, results in

a,a,—é _ -%,—%,a
20) bn+k,n—k;2m an,k;m ?
a,a,’£ = _%a%’a
21 n+k+1,n-k; 2m+1 an,k;m :

o 3.18) and (5.9) with o = B it follows that

22) QyQ,Y = 1Gs0,Y

n,n; 2m+l n+l,n;2m B

special

in terms

3.19)
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Combination of (5.19), (5.20), (5.21) and (5.22) gives an expression for
-1 41
the linearization coefficients of order (a,a) in terms of a zﬁ.z’a. In sec—
. s R

. . . . . . O |
tion 6 we will derive the explicit values of the coefficients a ’ifY and thus
9 3

we will find a new derivation of the linearization coefficients for the
Gegenbauer polynomials.

It follows from the quadratic transformation formulas (3.19), (3.20),
(2.9) and (2.10) that

A0,y _ Y>—1,a
(5.23) bn,n;Zm an,O;m ’

a4,y = oYY
(5.24) bn,n;m a2n,0;m’

o0, Y+l _ Ys,a
(5.25) bn,n;2m n,0;m’

For the proof of (5.25) we used (5.11) once.

From Lemma 5.4 and Lemma 2.5 we can derive a corollary about the number

B>y

K (£,n) on the boundary.

o
of zeros of R’
n,

COROLLARY 5.5.

(a) Rz’ﬁ’Y(E,O) has at least k zeros of odd multiplicity for £ e (0,1).
(b) RZ’E’Y(g,g-l) has at least k zeros of odd multiplicity for ¢ e(1,2).

(c) Rg’i’Y(E,ﬁgz) has at least n-k zeros of odd multiplicity for & e (0,2).

6. EXPANSION OF THE POLYNOMIALS Rg’i’y(g,n) IN TERMS OF
3
JAMES TYPE ZONAL POLYNOMIALS

In this section we will derive the explicit value of the coefficients

a’B’Y i ivi 3 a’B;Y
Cn,k;m,l in formula (4.10) giving the expansion of Rn,k

the James type zonal polynomials Z; 2(E,n). We will proceed in the following
9

(¢,n) in terms of

way. From the boundary value R’

N S’Y(g,égz) we obtain the coefficients
b

¢®BsY - and hence the boundary value Rz’S’Y(E,O)- By rewriting Rg’g’Y(E,O)
s I

n,0;m,0°
as a Jacobi series we derive the coefficients aa’BfL defined by (5.8). This

n,0;




so gives the coefficients aa’B’Y. Next the Jacobi series of Ra’B’Y(g,O)
n,k;m n,k

. . . .. 0,8
n be rewritten as a power series and we obtain the coefficients cn’k:l 0°
A Raad ]

a,B,sY i a+k,Bre,y
nally cn’k; ) can be expressed in terms of Cn—z,k—z;m—z,o'

At the end of this section several interesting corollaries will be dis-

ssed. We mention the expression of RE’S’Y(X+y,xy) as a generalized hyper-
3

ometric function in the two variables x and y, the expression of

’E’Y(I,O) in terms of a 3F2-function of argument 1, and a new derivation
9

the linearization coefficients for Gegenbauer polynomials..

Let us consider RE’S’Y(E,n). Combination of (5.6), (4.22) and (2.4)
sults in

b L2565y _ ) (ntatB2y+2) (y+1)
: n,0;m,0 (a+y+3/2)m(2y+])m m!

we have the first explicit expansion (cf. (4.20)):

n  (-n)_ (n+a+B+2y+2) (y+})
2) Rep (B = ) R BB Y ().
9 m=0 Y m Y o m. m,

1IARK 6.1. If y = -} then the right hand side of formula (6.2) has to be

erpreted as the limit case for y + -}. A similar interpretation has to

used on many other places.

Similar to (6.1), it follows from (5.5), (4.21) and (2.4) that

3 By (-n)m(n+a+B+Y+3/2)m
‘ n,n;m,0 (a+y+3/2)m m!

ice, by (4.19) we have

4) Ca,s,y (_n)m(—n'Y'%)Q(U+G+B+Y+3/2)m(n+a+8+i)2(Y+3/2)m72
n,n;m,4 (a+Y+3/2)m(a+l)2(y+3/2)m 2T (m-2) !

thus the expansion (4.10) for the polynomials Rggi’Y(g,n).
3




LEMMA 6.2. The power series expansion of Rg’g’y(ﬁsn) for n =0 is
9

a,B,Y _ @ (mn,mtotBe2y+2,y+h; L\
(6.5) R0 (650 3F2\ a+y+3/2,2y+1; g} )

PROOF. The proof follows immediately from (4.21) and (6.2). 0

LEMMA 6.3. The coefficients a ’gf; in the Jacobi expansion (5.8) c

[0}
aB n”
X2V (£,0) are given by

n,0

n!(nto+B+2y+2) (mra++2) _ (y+) (v+h) _

(6.6) a T v B3/ D) _(ZmrarBy+5/2)__ ! (amm)

?ROOF. It follows from (6.3), (2.6) and (5.8) that

m
LBy _ (=17 () (n+o+B+2y+2) (v+}) .
n,0;m (m+a+8+y+3/2)m(2y+])m m!

. g [TDotm nimiaB2y+2, mby+ ]\
3°2\ 2mtoa+B+y+5/2,m+2y+1; ]’

thich can be evaluated by using (2.42). 0
'HEOREM 6.4. The explicit form of the Jacobi expansion (5.8) s

(n-k)! n (ntk+o+B+2y+2)

, 05B,Y = °
6.7) R (¢,0) = (2Y+l)n-k m;k_(m+k+a+B+Y+3/2)m—k

n,k

) (m+k+a+8+2)n—m(Y+£)m—k(Y+£)n-m (a+y+3,R)
(2m+a+8+y+5/2)n_m(m-k)! (n-m)! m

lote that

. a,B,Y . _
6.8) an’k;m >0 if vy > -}.

'ROOF. Use formulas (5.16) and (6.6). g




EOREM 6.5. The coefficients cn’B’; 0 in the power series expansion (4.1
, b

>

’Y(E 0) are given by

9 By (n+a+B+Y+3/2)m(-n)m
: n,k;m,0 (a+y+3/2)m m!

. (-m,-n+k —n—k-a—B—l,y+§, ]\
43\ -n,-n-m-a-B-y-},2y+1; ]

OOF. We will give two different proofs.

) It follows from (6.7) and (2.4) that

Gy 0D (akearBe2ye) L (bargey3/2) (-m)
n,k;m,0 (2y+l)n_k(n+k+a+8+y+3/2)n_k(q+y+3/2)m m!

3
~2n-u-By-3, ~n-fa-}8-dy+l; —n,-ntkoy+,
»~n-fa-3B-3y=2; 1).

By using a result of Whipple (cf. SLATER [27, (2.4.1.1)] this well-
poised terminating 7F6 can be rewritten as a Saalschutzian terminating
4F3 and the theorem follows.

) Combination of (3.14), (5.1) and (4.21) gives the recurrence relation

10) OBy m+o+y+3/2 a+l sB+1l,y  _ mto+B+y+3/2 Ccx+1,8+1,y
' n,k;m,0 a+y+3/2 n—l k-1;m,0 a+y+3/2 n-1,k-1;m-1,0

for n 2k >0, n2m>0. For k = 0 the 4F3 in (6.9) becomes a ter-
minating Saalschutzian 3F2 which can be evaluated by using (2.42).
view of (6.5) the theorem turns out to be true for k = 0. Clearly, the
theorem is true for m = 0. Using (6.10) we can now prove the general

case of (6.9) by complete induction with respect to k. i




LARY 6.6. We
a,B,Y

) Rn,k
a,B,Y

) Cn,k;m

is expansion

. By using c

(6.9) and (4

K6.7. In a

) can be sim
or n = k ho
ent of produ
=t } then w

We would 1lik

expressions
ding linearl

e sum, which

section 7).

ementary ter

We conclude
er obtained

Combination

LARY 6.8. We

29

sBsY Y
Z R(E’n),

sk;m,% m,

=Y=1) ( (n+a+B+y+3/2)

a
presses Rn’

72)_ (a1, (y+372)
‘/Z)m-sz F -m+4,-n+k,-n-k-o-8-1,y+ %;1\
m-2)! 4 3 \-n+%,-n-m-o-B-y-4,2y+1; J -

ned by (4.1).

with respect to k the result follows

cases of m,%,n,k,a,B8,y the expression

the equalities m = n, 2 = k, m = £,
a,B,Y

n,k;m, 2
ions depending linearly on m,%,n,k,a,B,Y.

and (4.12).

£€,n) as a linear combination of elemen-

ficient c can be written as a

e a and b are products of gamma functions
. The best possible result would be a

: a,B,Y a,B,Y
ained for Rn,O (¢£,n) and for Rn,n (g,n)

BsY
sk
r to the authors how this can be simpli-

(¢,n) as a quadruple sum

a number of corrollaries to the results

gives:




©  © (-n)i+j(n+a+6+2Y+2)i+j(Y+%)i(Y+£)

a,BsY
.13) RPN (x+ty,xy) =) ) 7
n,0 i=0 3=0 (a+y+3/2)i+j(2Y+1)i+j il 3!

using the notation of BURCHNALL & CHAUNDY [7,§ 1] this becomes

a,sB,Y = p"RomFatB+2y+2:y+i v+l
Rn,O (x+y,xy) F(a+¥+3/2,2y+l s )

\ypergeometric series in two variables of order three (cf. ERDELYI
s § 5.7]1). According to CARLSON [9,(1.8)] it follows from (6.13)

0.8 I-x 1-
Rn:O’Y(x+y,xy) = Rn <n+a+8+2Y+2,‘D'B'Y'£; [ lx lyJ; Y+is

re the function Rt(u,p';Y;v,v') is defined by CARLSON [8, § 2].

OLLARY 6.9. The value of Rz’i’Y(g,n) in the vertex (1,0) is given
- ]

k
14) Ra,S’Y(l 0) _ (_]) (B+I)k . (_n+k’n+k+a+8+2'y+2,y+%; 1
n,k ? (oc+y+3/2)k 372\  k+a+y+3/2,2y+1; :

OF. By restricting (3.14) to (g£,n) = (1,0) and by using (3.11) wii
n) = (1,0) it follows that

osB,Y = - B+1 at+l,B+1,y
15) Rn,k (1,0) a+y+3/2 "n-1,k-1 (1,0).

corollary follows by iteration of this result and by using (6.5).

) special cases of (6.14) are n = k and o = B. In these cases we h

ipectively,
(-1)"(B+1)
16) R“’B’Y(I,O) =
n,n (cx+y+3/2)n

QyQyY - (_1y0n-k

(a+1)n(%)k ,
(a+Y+3/2)n(Y+l)k

17) <

0,0,y =
Rn+k+l,n—k(l’0) 0.

b




Formula (6.17) can be proved by application of Watson's formula (
[27,(2.3.3.13)] or directly from (3.19), (3.20) and (3.17).

COROLLARY 6.10. If o 2 B, Y 2 -} and max (o,B+y+}) = -1 then

(6.18) [R5 Y(g,m)[< 1 for n =0, 05 £ <1,
H
orl-§&+n=0,1c<¢gc<x<2,
PROOF. We use (6.7) together with the nonnegativity of the coeffi
Y 2 - } and the inequalities for Jacobi polynomials (cf. Theorem
inequalities for o,B,y imply that o + y + § > B and o + v + § > -

B2 EY(g,0) | <1 for 0<g < 1.
9

In particular, IRg’s’Y(l,O) | < 1. Since a 2 B we also have
3

osB,Y
an,k (2,1)| <1 by (3.18).
Again by (3.18) we have

RSV (2-¢, 1-g+n)

3

Bra,y
IR (£,0) | <
Ra’B’Y(Z,l) n,k
n,k

b

IA

Bra,y | Bra,y
max {|Rn’k (0,0)|,|Rn’k (1,0
since max (a,B+y+}) > - 4. Hence
a,B8,Y a,B,Y a,B,Y }
R 2-g£,1-&E+n) | < max { R 2,1)|,|R 1,0

COROLLARY 6.11. If a 2= 4, a 2 B, Yy 2 = } and Zf one of the equa

a =8, B==-4ory=-} holds then

6.19)  [RPEYEmls 1, (g e 9

3t

LATER

3 for
The

‘nce




OF. Use corollary (6.10), formula (5.9) or (5.17), the nonnegativity of

Efl in the cases given in the corollary (cf. (5.22), (5.23), (5.24),
b

19) and Theorem 2.4), and the inequalities for the Jacobi polynomials

eorem 2.2). O

ARK 6.12. We need the restricting equalities a = 8, B = -} or y = -} in

dllary 6.11 because in other cases the nonnegativity of bz’ifl is not yet
E R ]

ved. It is the authors' hypothesis that the coefficients bg’ifl are pos-
H 3
7e for a 2 -4, o 2 B and y 2 -4, If this is true then formula (6.19)

ld hold for all o, B, y such that a 2 -}, a 2 B, y > -4.

\RK 6.13. Combination of formulas (6.7), (5.19), (5.20), (5.21) and

. . . . o . Q.0
22) results in a new proof for the linearization coefficients A( >

for
n,k,m

Gegenbauer polynomials (cf. (2.40) and (2.41)).
We can use (6.11) with coefficients given by (6.12) in order to derive
following pair of differential recurrence relations, which are the

.ogues of (2.24), (2.25) for Jacobi polynomials.

JLLARY 6.14. We have

I-a vy . B -1,B8+1
0Tl n® REBY(E,m = b aterred) R DFT Y0,
a-1,8+1,y

_ R (g,n)

1) (1=g+m) ™8 DY o (1-gam) P et =
,Rn k’ ’Y(Z,l)

H
R 52V (g, n)
= 1 (B+1)(B+y+3/2) —2——

asB,Y
Rn,k (2,1)
F. Formula (4.18) can be extended to

2) nl-a DI o n® Zz k(g’n) = i(k+a)(n+a+y+§)zl k(i,n)-

titution of (6.22) in (6.11) gives (6.20). Combination of (6.20) and
8) gives (6.21).
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7. ANOTHER EXPANSION OF THE POLYNOMIALS R°‘ B’Y(g,n) AND THEIR RELATION
WITH APPELL'S FUNCTION F

4
In this section we will consider an expansion of Rz’E’Y(g,n) in terms
3
of the polynomials
7. -0 r*® (r20-07"n, a > ..

These polynomials play a similar role with respect to the operator Ef’s as
the James type zonal polynomials do with respect to DZ. In particular, it
will be proved that the expansion of Ra’ﬁ’Y(E,n) 6n1y contains polynomials
for whichm = 2. It will follow from th;s expansion that Ra B’Y(g,n) can be
expressed as an Appell function F4, which seems to be a qu1te 1mportant
result. This section will be concluded with an interpretation of Z (& n)
and the polynomials (7.1) as limit cases of R ’B’Y(é,n) for B »= , y~+w s

respectively.

Let us consider the polynomial (7.1). By (2.4) its power series expan-

sion in 1 - ¢ and n equals

k  (=k).(k+a+B+1). . .
_ 0 (a,B) a1 _ i i _y0mi i
(7.2) (1-8) " R P (1+2(1-8) " 'n) = izo G, 17 (9T em

) the boundary line n = 0 thé polynomial reduces to

7.3) -0 &8 qr20-07" | = (-p)®

n=0

y using (7.2) the polynomial restricted to the axis of reflection £ =

ecomes
(n+a+8+1)
7.4) (l-g)n Rﬁa’s)(1+2(1-g)"n), = WD:— n 1if n =k,
£=1

0 if n > k.

In view of (7.2) any polynomial in € and n has a unique expansion in
2rms of the polynomials (7.1) (a,B fixed). In particular, we will consider

1e expansion of R ’i’y(g,n) in terms of these polynomials.,



INITION 7.1. The coefficients dz’BfY

kim are »given by

» %

a,B,Y L ayB,Y m _(a,B) -1
3) R L (Esm) = QZO mzz 4 kom, 2 (178) Ry (1+2(1-8) ).

\RK 7.2. If & = 1 then substitution of (7.4) in (7.5) results in

n (m}q+8+])m

: a,B,Y _ = a,B,Y
) Rn,k (1=n) z dn,k;m,m (oz+1)m n-

The following theorem gives a motivation for considering the expansior

3).

JREM 7.3. We have

n o ERE g™ R as2a-p Ty -

]n) if n > k,

§ (o1 (mrerarg+1) (1-6)" 'R () (142(1-)”
{0 if n = k.

)F. Use (3.9) and (2.1). g
:omparing (7.7) with (7.5) and (3.15) we obtain the recurrence relation

) 4o By . (n=k) (n-k+2y+1) (n+k+a+B+1) (n+k+a+B+2y+2) .o,B,y+]
n,k;m, % 4(y+1) (0+y+3/2) (m~2) (m+2+a+B+1) n-1,k;m—1,2%

ifm> £ and n > k.

e Ef’B Rz’s’Y(g,n) = 0, it also follows that
o,B,Y T 0,8,y m _(a,B) -1
2Py = Py - 4 -
) R L (6sm) mzodn’n;m’m (1-e)" R 77 (1+2(1-€) 'n).
REM 7.4. The coefficients dg’ﬁfm . in (7.5) are nonzero only if
sy

L<n-kandm+ & <n+k (cf. Figure 4).
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. The inequality m + ¢ < n + k follows from (7.1) and Theorem 3.2.

nequality m -= & < n - k is a consequence of (7.8) and (7.9). 0

T

(n,k)

Figure 4

In view of (7.6), (7.8) and Theorem 7.4, we obtain the coefficients
Y G,B,Y+m—2(]
m, £ n-m+2,k

s in n. Here we restrict ourselves to the case n = k.

llows from (7.9) that

as soon as we know the expansion of R ,N) as a power

) Ra’B’Y(E 0) = § da’B’Y (l—g)m
n,n ? e DoRm,Mm *

(5.5), (2.7), (2.8) and (2.4) we know

R5T(6,00  n (-m)_(nvarBey+3/2)

) n,n
- 1
Ri’i’Y(l,O) m=0 B+ m:

(1-g)™.

rison of (7.10) and (7.11) yields (by using (6.16))

n
) B (-1 (8+1)n(-n)m(n+a+B+Y+3/2)m
n,n;m,m (a+y+3/2)n(8+1)m m!

have the expansion

Ra’B’Y(E,n) n (~n)m(n+a+B+Y+3/2) 1

(a,B) -
) = ; (1-e)™ R -* (1+2(1-8) " n).
rR*FY(1,0) w0 (B+1), me m
n,n
e case y = -} formulas (7.11) and (7.13) together are equivalent with

em 2.1, For £ = | we obtain




Rﬁjﬁ’y("”) ) n (-n)m(n+a+6+v+3/Z)m(m+a+8+1)m )

“~ R ~ ]
Rz’ﬁ,Y(l’o) m=0 (B+1)m(a+l)m m.

F -n,n+a+B+y+3/2,4 (a+B+1),} (a+B+2);
43 a+l,B+1,a+B+1;

wla generalizes (2.26).
we can prove the following interesting theorem which
n) with Appell's function F4 (cf. (2.28)).

+5. We have

0yB,Y a,B,Y =
uRn,n (g,n) / Rn,n (130) =

= F4 (-n9n+a+B+Y+3/2; a+l,B+1;n,1-8+n) =

(-n)i+j(n+a+B+Y+3/2).

_ i+j i
= —— n (1-g+n
i+j5n (a+l)i(8+l)j 1: J!
follows from (2.5) that
(1-e)" Ré“’e) (1+2(1-¢) "'n) =
= (B+1)_ m! ] n’(1-g+n)]

i+j=m (a+1), (B+1). i! j!
i J
on of this formula in (7.13) proves the theorem. O

am generalizes (2.29).

ve will prove that the polynomials

20 (en) and (-0° B as20-07" 0
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sBsY
sk
ly. Thus, in view of (2.21), the expansions (4.10) and (7.5) are quite

:an be obtained as limit cases of Rg (€,n) for B > », vy > =, respective-

similar to the expansion (2.4) for the Jacobi polynomials. First we note
.EMMA 7.6. We have

Bsy 1
'7.16) lim Tn, o (€ (r+2)

= z¥ (g,n),
B> r%? S,y(z’]) (2y+])n n,0

]

7an tim &2, = 00" ROP 1s20-071).
Yoo n n

ROOF. Use (6.2), (3.17), (7.13) and (6.16). [
'HEOREM 7.7. We have

OLBY 1

(g,n) (y+3)__

708 in - o, o e e A GROR

n,k (2,1) n-k
, im R B - (1_sy0 p(a,B) _ !
'7.19) %ig 0.k (g,n) ,(1 £) Rk (1+2(1-¢) "n).

ROOF. In order to prove (7.18) use complete induction with respect to k.

or k = 0 (7.18) becomes (7.16). From (3.17) and (3.14) we have

Bsy a+l,8+l Y
o, B,Y " G(B+1) (B+y+3/2) a+l 5+1,y
Fak (2D RLk-1 (25D

>r B > « (3.11) together with the induction hypothesis gives

N +1,8+1
Ri’ﬁ Y(ﬁ,n) Rg_l’ﬁ l’Y(gy )
lim ——ig——————— =7 lim ot T BF1

n,k  (2,1) n—l,k 1




(y+4 )n k
= = Y
= ?§§:T7;:; zn,k(g’n)'

order to prove (7.19) we use complete induction with respect to n-
en -k =0 being clear from (7.17). It follows from (3.16), (3.1:
ner with the induction hypothesis that

lim R“ 8’Y(e,n)

e (-g) Ha g®8 1+ ) -

n 1,k

(-0 B*F r20-n7 . 0

ARK 7.8. Let us consider the recurrence relations

- a,B,Y = Bsy
20) (1-E)R %) * T (E,n) mZz by g Rpry' (6o,

21) n R ’B’Y(E,n) =) e R, R’Y(E,n)
m, £ ’

the use of the expansion (7.5), Theorem 7.4 and the orthogonality

s B’Y(E,n) it is directly proved that the coefficients b

ynomials R
0) are nonzero only if (m,%) € {(n+l,k),(n,k+1),(n,k),(n,k—l),(n—

, Figure 5). Similarly, the coefficients c in (7.21) are nonzer

m, L
:m,l) € {(n+l9k+1),(n+l9k)’(n+l,k—l)’(n’k+l):(n,k)9(nsk_1),(n-l’k+
»k),(n=1,k=1)} (cf. Figure 6). This can be proved by use of the e
0) and Theorem 4.3. The proofs sketched here are much shorter tha

'n in SPRINKHUIZEN [28, § 9].

X X X
X ® X X ® x
X X X X

Figure 5 Figure 6

on
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8. CONNECTION COEFFICIENTS

In this section we shall consider the connection coefficients in the

formula

a,B,Y — a b,c
(8.1 R (Esm) = mZZ nkm, e Rog (Esm).

It will turn out that for k = 0 or k = n these coefficients coincide with
certain connection coefficients for Jacobi polynomials. If k = n and

(a,b,c) = (a,B,-3), or k = 0 and (a,b,c) = (-4,-4,Y) then we obtain explicit
(X B"Y(g

,
cases there will follow important inequalities. We conclude this section by

a B’Y(g

sxpressions of R sN), k = 0 or n, as double Jacobi series. In these

leriving integral representations for R sN);, k = 0 or n, in terms of
Jacobi polynomials.

First note the following corollary of Theorem 3.2.

.EMMA 8.1. The coefficients c in (8.1) are nonzero only <f m < n and

n,k;m, ¢
n+ 2 <n+k (ef. Figure 2 in section 3).

CHEOREM 8.2.

(a) The coefficients c in the formula

n,k;m,g

DY, = ] e ™Y (g,m)

m, % n k;m, 2 m L
are nonzero only tf m < n and & < k (ef. Figure 3 in section 4).

b) The coefficients c in the formula

n,k;m, %

Byy - R%? B,c

re nonzero only if m-% < n-k and m+& < n+k (cf. Figure 4 in section 7).

'ROOF. In both cases we can first use Lemma 8.1. Part (a) of the theorem
ollows by (k+1)-fold application of the operator DI to both sides of the
ormula and by using (3.13). Similarly, in view of (3.15), part (b) of the




orem is proved by (n-k+1)-fold application of Ef’s to sides of the
nula. g

Let the coefficients g E a,b be defined by (2.36).

JREM 8.3. There are expansions - -

n
a,B,Y - aty+d,B+y+isaty+),bty+s
2) R0 (Esm) mzo &1:m ’ n)s
n n Al =0 gn;m : m m 4l
JF. It follows from Theorem 8.2(a) that Ra B’Y(g,n) ca xpanded in
ns of R ’Y(E,n) m=0,l,...,n. Now restrlct ton =} d apply (5.6)
(2. 36) Thls proves (8.2). Similarly, for the proof o ') use Theorem
(b), restrict to n = 0 and apply (5.5) and (2.36).
coefficients in (8.3) are positive if y > ¢ (cf. (2.3 ee Theorem
for the cases that the coefficients in (8.2) are posi
JREM 8.4.
n
If R(a+Y+£’B+Y+£)(X) = Z c (Y’Y) (X)
n n;m m
m=0
then Ra’B’Y(l—xy,i(x—y)z) =
n,0
n
= z (Y9Y) (x) R(Y’Y)(y)
n;m m
m=0
o oY HE,BEYHESY,Y _
and cn;m gn;m
]
_ (n+a+6+2y+2)m(Y+l)m n 3F2 =n+m, n+m+a 2,m+y+1;]) .
- (m+2y+1)m(a+y+3/2)m(n-m)! m! 2m+2y+2 +3/2;




If either o« > Band o + B2 -1 0r a =8 > -

in the above formulas c_,_ > 0.
' n;m

n

1
b) If R(G+Y+2’B)(x) = z Cn,m ina’s)(x)
n m=0 ’
B n
then R2T(1-§(x+y), +(1-x)(1-y)) = ) ¢
n,n - T
m=0
and < o JOFY*H,B50,B8 _
n;m n;m
n3(B+l)n(Y+%)n_m(n+oc+8+y+3/2)m

(a+y+3/2)n(a+8+2)n(n—m)!(n+a+8+2)m

If vy > - § then in the above formulas Chm >
3
ROOF. Part (a) of the theorem follows from (8.2)
ients are given in (2.39) and Theorem 2.3 implie
>r part (b) use (8.3), (3.4) and (2.37). g

Theorem 8.4 (a) gives an explicit expression
10ws that RQ’B’Y(I-xy,£(x—y)2) is the generalize

(CX+‘Y+2’B+Y+2)(X) expressed as a Gegen

>lynomial R
5ee ASKEY [2, Lecture 2] for the definition of g
Similarly, Theorem 8.4 (b) gives an explicit
ad it shows that R ’E’Y(l 3 (x+y), 1 (1-x) (1-y)) is
E the Jacobi polynomial R(a T+, B)(x) expressed
¥,B). Hence we also have a new expression for th
1e Jacobi polynomial kernel (cf. BAVINCK [5, § 5
(ves a summation method for Fourier-Jacobi expan

.4 (b) then, using (7.17), we obtain Bateman's b

iterpreted as the De la Vallée Poussin kernel (c

41

n - m 28 even then

3.21). The coeffi-

positivity result.

’ ’Y
0.0 (£,n) and it

slate of the Jacobi

series of order (y,Y)
ized translates).
ssion for Ri:i’y(i,n)
eneralized translate
acobi series of order
ralized translate of
61). This kernel

If y > @ in Theorem
r sum, which can be

EY [1]).




y =3 Theorem 8.4 (b) implies (3.6), and thus the Christoffel-

ormula (2.20) for Jacobi polynomials.

8.5.

2B, a+B2-1, (a,B) # (-4,-4). Then Rz’g’Y(E,O) > 0 for
0,1] except ©f o = B, n 28 odd, & = 1.
2B, a+B2-1,y 2~} then

IR YE,m | < 1 on 2.

IA

\%
o

B, @+ B2 =1, (a,8) # (-4,-1). Then (D" RV’E*V(g,6-1)
[1,2] except ©f o« =B, nis odd, € = 1. If o < B, ® + B 2 - 1,
then

Ni— M

]Rg’g’y(g,n) | < [aﬁ:g’Y(z,1)| on .
?

>-1 then Rz’i’Y(E,}gz) >0 for £ € [0,2]. If v 2 }, max(a,B) = -},
e Q then

1 Z >
m??ﬁam|s{‘asy 7o z8,
’ IRn:n’ (2,1)| Zf o < B.
llows from Theorem 8.4 (a) that
n
a,B,Y _.2 = (v>v) 2
Rn’o (1-x“,0) Z c:m ®n (x))°.
m=0
>R, a+ B =2-1 then ¢ and c are both positive. By SZEGO
n; n;n-1

Theorem 3.3.3] RéY’Y)(x) and RiI;Y)(x) cannot have common zeros.

RQ’B’Y(I—XZ,O) >0 for 0 <x<1. If a = B > -} then c and
n,0 n;n
) are both positive. The positivity results again from [29, Theorem
] together with (2.9) and (2.10). The second statement follows from
em 8.4 (a) and the fact that |R;Y’Y)(x)[ <1if yz- 4 and

x £ 1, cf. Theorem 2.2.
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(b) Use part (a) of the corollary together with (3.18).
(¢) It follows from Theorem 8.4 (b) that

n

R B (1-x, (-0 %) = 1 iR ()2,

A similar argument as in the proof of (a) gives the positivity result.
The second statement follows from Theorem 8.4 (b) together with the in-

equalities for Jacobi polynomials (cf. Theorem 2.2). 0

The above corollary confirms part of the hypothesis that for a = B 2 -},

( 2 -4 the inequality

IRg’i’Y(E,n)I <1

ls valid on @, cf. SPRINKHUIZEN [28, § 71].
Let us conclude this paper by deriving integral representations for
{z’g’y(g,n) and Rﬁ’i’Y(g,n). Combination of Theorem 8.4 (a) and formula
3

9

(2.33) gives

. sBsyY 2 F( +1)

8.4) R 5V (1-xy, L (x-y) %) = -3—32——- .
n,0 AT (y+4)

] |
[ REED and b asyh b -5 aey s -,

-1

thich can be considered as a generalization of the product formula (2.33).
Similarly, Theorem 8.4 (b) and formula (2.35) imply the following

ieneralization of the product formula (2.35):

8.5) R B (14 (x4y) , 1 (1-2) (1-y)) = ! — |

mn n20(a~B) T (B+})

1em
.J j RETTTHE) (4 (1) (14y)+4 (1) (1-y)? +
00




a—B-lr28+l

+ (I—xz)%(l-yz)% r cos ¢-l)(l-r2) (sin ¢)28 dr d¢,

a>B>- 4.

Both in (8.4) and (8.5) the left hand sides can be considered as the
cst term of an orthogonal expansion of the integrand. The full orthogonal
>ansion (a generalized addition formula) can be obtained by means of the
hniques described in KOORNWINDER [24], i.e. by using integration by parts
1 differential recurrence relations for Jacobi polynomials. In particular,

m (8.4) we get

6 RETRETD g iagh b -

n (—l)k(-n)k(n+a+8+2y+2)k

= ) — (1-x%) 1=y K.
k= 277 (a*y+3/2) ) (y+1),
.Rg;£:g+k(1_xy’ *(x_y)z) wéY'% :‘Y'%)R]EY_éyY—%) (t),

.ch is a generalization of the addition formula (2.34) for Gegenbauer
ynomials. See MANOCHA [26] and CARLSON [9, § 3] for related generaliza-

ms of this addition formula.
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